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Exercise 7

Prove that (3) follows directly from (8)-(9).

Solution

From the homogeneous Maxwell equations,
@
(II)

(111)
(IV)

E
%:CVXB
%]?:—CVXE
V-E=0
V-B=0,

it follows that the electric and magnetic fields satisfy the homogeneous three-dimensional wave
equation. Suppose that they are each subject to two known initial conditions.

0’E 0°B

ﬁ:gAE, —oco < x,Y,z2 <00, t>0 W:C2AB’ —oo < x,y, 2 <00, t>0
E(x7 y’ Z7 O) = EO($’ y? Z) B(x7 y’ Z7 O) = Bo(x7 y’ Z)

OE 0B

E(m,y,z,O) = ¢V x B(z,y, 2)

E(xayazao) = —cV X Eo(xvy>z)

Their solution is given by equations (8) and (9) in the textbook.

1 1

E = —E°
(2,9,2,1) Aret // [ct

(zo—z)%+(yo—y)?
+(z0—2)2=c?t?

B( £) // L go
1, 2,t) = =
Kbt 4met ct

(zo—2)?+(yo—y)?
+(z0—2)2=c?t2

OED

($0790, ZO) + Tm(xovy07 ZO) + V x Bo(x()v Yo, ZO):| dSO
oBY 0

(x0, Yo, 20) + 377,0(3707(@0,20) -V x E”(z0,90,20) | dSo

Distribute 1/(4mct) and write out the integrals explicitly by using spherical coordinates
(ro, @0, 00), where 6 is the angle from the polar axis.

To — x = ctsin 6y cos ¢g

Yo — Yy = ctsin g sin ¢g

zp — 2z = ctcos ¢g
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As a result,

1 OEY 1

T 2 1
E _ 0 or” 0 2,2 .
(x,y,2,t) /0 /0 meztzE (ct, Po,bo) + Trct Org (ct, po,60) + 47rctv x BY(et, ¢0,90)] (c*t sin Oy depo dby)

oo 1 0BO 1
B t) = BO(ct, ¢, 0 ——(ct, o, 0p) — —— E°(ct, ¢y, 0 242 sin 0y dopo db
(2,9, 2,1) /o /0 |:47T02t2 (ct, b0, 60) + aro (ct, g0, 60) — 1V x E'(ct, g, o)] (c*t*sin 0y depo dby),

or after simplifying,

E(z,y,2,t) _/”/QW -iEO(ct b0, 0 )+ita—w(ct ®0, 0 )+C—tv x BY(ct, ¢y, ) sin 6 de db
Y, 2,1) = 0 0 _47_(_ » ¥0, Y0 471'6’/“0 » ¥0, Y0 A » P05 0_ 0 0 V0
()
B( t)—/w/%_lBO( t, ¢ 9)+C—ta—BO( t, ¢ «9)—C—tV><E0( t, ¢ 9)_ sin 6y deo db
x,Y,z, - 0 0 _471' Ct, @0, Vo 47'('87"0 Ctl, @0, Vo A Ct, @o, 0- 1M o 0 &avo-
(6)
Taking the limit of both sides as ¢t — 0, the latter two terms in each integrand vanish.
T 2m 1
E(z,y,2,0) = / / [EO(O7 ®0,00) + 0+ O] sin 0y doo dby
0 0 4
T 2 1
B(J:,y,z,O) = / / [B0(0,¢0,90) +0 —O:| Sin@o dgf)o d@o
0 0 4
Since the integrals are over the sphere defined by (zo — )2 + (yo — y)? + (20 — 2)? = *t?, 2o = @

and yp =y and zg = z if t = 0.

T 2w 1
E(z,y,2,0) = / / [4E0(:p,y, z)] sin Ay dgg db
0 Jo n

T 2w 1
B(IE,y,Z,O) = / / |:4B0(ZL‘,y,Z):| Singo d¢0 d00
o Jo 4

Bring the constants in front and evaluate the integrals.

E(z,y,2,0) = %Eo(x,y, 2) (/Oﬂ sin A d90> (/0% d¢0> = %E“(x,y,z)(z)(%)

B(z,y, 2,0) = %Bo(x,y, 2) (/Oﬂ sin 6 d90> </027r dgz50> - %Bo(x,y, 2)(2)(27)

Therefore, the initial conditions in equation (3) of the textbook are obtained.

E(z,y,2,0) = E%(z,y, 2)

B(z,y,2,0) = B%(z,y, 2)
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Differentiate both sides of equation (5) and equation (6) with respect to ¢ in order to check the
second initial condition for E and B, respectively.

2 t OF O |
62& ﬁt/ / [ ct ®0,00) + i arg — (e, ¢0,90)+ V x B (ct,qbo,ﬁo)} sin Og deo dby

//27r (ct, do, 0o) + CtaBO(t 9)——VXE(7§ 00) | sin 0o deo d6
6t =5 47T (ct, ¢o,00 ct, ¢o, Oo ct, ¢o, 0o) | sin Oy deo dby

Bring the time derivative inside and use the product and chain rules.

1 9E? 0 OE? O*EY 0
= | T et 0) et 4 5 et 0.0 + e 5 et o) et

41 87“0 4 or, 2
+ 57 x BO(ct, ¢, 00) + CtaVXBO(Cth) 00) 2 (ct) | sin By dey 6
Ar » P05, Y0 4778 0, Y0 ot 0 0 0
rr1 6B 0 ¢ OBY ct 0°B° 0
S | T et o) et et .0+ et . o) et
t 0 ) .
- iv X EO(Ct,¢0,00) Ziﬂ'aiv X EU(Ct (250,60)87( )] 511100 d¢0 d@o

Set t = 0 and simplify the integrands.

OE o aEO ,
a .T Yy 2, O / / |:4:[‘ arg gf)o,eo) + V x BY ( ,¢0,90):| sin 0y dog dbg

OB T2 aBO ,
8 (,9,2,0) = / /[Mar 0, o, 0) — WVXW&@wﬂﬁwmmwo

Split each of the integrals into two.

OE c 27 aEO c s 2m )
o —(2,y,2,0) = QW/ = ——(0, ¢, Bp) sin By depy dly + 4/0 i V x BY(0, o, fo) sin by depo dbo
oB 2 8B0 ] c i 2 0 )
a1 (x Y, z, 0 27r/ / (250,90) Sln90 d¢0 d90 — 47_‘_/0 ] V xE (0,¢0,90) Sm 90 d(b[) d90

Pull the derivative with respect to rg out in front in the first ones. In the second ones, note that
since the integrals are over the sphere defined by (z¢ — x)% + (yo — y)? + (20 — 2)2 = 22, 2o = x
and yo =y and zp = z if t = 0.

8E( 0) = //% b0, 00) sin By deo db
6tmy,, 2778r0 (0, @0, ) sin By depo dbly

T 27T
+ C/ ¥ x B (2, y, 2) sin 6y do df
47T 0 0

ro=0

0B 27 c 21
= 0 0, 0o doo dO - V x EY in Oy doo do
5 (,y,2,0) = 27787"0 [/ / (ro, ¢, 0o) sin o deo 0] 77/0 ; x E°(z,y, 2) sin 6y dpo dfy

ro=0
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Write the first integrals as surface integrals and pull the constants in front of the second integrals.

IE 2 eV x Bz, y,2) [T [*
P 0 ) ) .
S ez) = ool [T TR0, ou.0) st ds) || SEELE [T i g
EO T 27
_ VX (x’y’z)/ / sin 0y debo dfo
0 0

aB 27
5 —(,9,2,0) = o 87“0 [To/ / O(ro, do, 60) (rg sin By depo dQO)] pp

Change the first integrals back to Cartesian coordinates and write the second ones as iterated integrals.

OE c 0|1 0 cV x BO(z,y, 2) T m
ot B @Y% 0) = 27 dro [7‘0 // B (w()’yO’ZO)dSO] ro=0 i 4m /0 sinfo o /0 10

(zo—z)%+(yo—y)?
0 ™ 27
_VxE(@y2) (/ sin90d90> (/ d¢o)
ro=0 am 0 0

+(20—2)2=r2
Use the divergence theorem in the first integrals and evaluate the second integrals.

ro=0

ro=0

0B c 01 0
5 ——(2,9,2,0) = o dro [7"0 // B (Sﬂoayo,?«‘o)dso]

(wo—x)2+(yo—y)*
+(20—2)?=r3

OE c 01 cV x BO(z,y, 2)
R . EO ' 9>
ot o (©9:2:0) = 2 drg [rg // v (50, 0, 70) dVo] r0=0 i Am e
(zo—x)2+(yo—y)>
+(20—2)2<rd
0B c 01 cV x E%(z,y, 2)
. BO _ ) )
R wann0 = [ /// VB ) V]| 0022 (5) (o)
(zo—x)%+(yo—y)?

+(20—2)2<rd

Since the provided electric and magnetic fields at ¢ = 0 satisfy equations (IIT) and (IV), these first integrals are zero. Therefore,

OE

E(m,y,z,()) = ¢V x B(z,y, 2)
B
a@t (z,y,2,0) = —cV x Eo(x,y, z).
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